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We propose a scheme in that the masses of the heavier leptons obey seesaw type relations. The
light lepton masses, except the electron and the electron neutrino ones are generated by one loop
level radiative corrections. We work in a version of the 3-3-1 electroweak model that predicts
singlets (charged and neutral) of heavy leptons beyond the known ones. An extra U(1)Ω symmetry
is introduced in order to avoid the light leptons get masses at the tree level. The electron mass
induces an explicit symmetry breaking at U(1)Ω. We discuss also the mixing matrix among four
neutrinos. The new energy scale required is not higher than a few TeV.
PACS numbers: 14.60.Hi, 14.60.Pq, 14.60.St
I. INTRODUCTION
One of the main problems in particle physics consists
in explaining the pattern of the fermion mass spectrum
and mixing angles. In the standard model the charged
fermion masses are generated through the Higgs coupling
at the tree level. Thus, by tuning of the Yukawa cou-
pling constants, it is possible to accommodate all the
fermion masses and mixing angles in the theory as free
parameters. However, fermion masses are spread in a
large range. So we are compelled to assume Yukawa cou-
pling from ≈ 10−6 for the electron until to ≈ 1 for the
top quark. It is an experimental fact that the charged
fermion masses increase systematically from the first to
the third generation. The standard model gives no ex-
planation for this hierarchy and why the fermion masses,
except the top quark one, are small relative to the elec-
troweak scale (vW = 246 GeV).
Recent experiments on solar [1], atmospheric [2] and
terrestrial [3] neutrino oscillation considerably improved
our understanding about neutrino masses and mixings.
These laboratories experiments have been complemented
by cosmological data, mainly by the satellite WMAP,
that has put a limit on the sum of neutrino masses
[
∑
mi ≤ (0.7− 2.0) eV ] [4].
In order to give a satisfactory explanation to these
phenomena basically two types of models have been at-
tempted: seesaw and radiative corrections. The seesaw
mechanism is interesting because it establishes that one
fermion mass is heavy at the expense of another to be
light, leading to a route to understand the mass hierarchy
problem [5, 6]. It is possible also that the seesaw schemes
can be able to explain other very disparate scales in the
framework of particle physics [7]. However, the usual
seesaw mechanism for small neutrino masses requires the
introduction of a dimension-five operator and a high en-
ergy scale [5].
On the other hand, it should be natural to interpret
the light fermion masses as generated by higher orders
of perturbative expansions [8, 9]. Both, seesaw and ra-
diative correction schemes are possibilities that exist in
extensions of the standard model.
Fermion mass generation by radiative corrections nec-
essarily evolves the introduction of some set of symme-
tries. This is to avoid the light fermions from picking
their masses from the tree level through their coupling
to the Higgs boson multiplets with nonzero vacuum ex-
pectation values [9]. Another good feature of the radia-
tive generation mechanism is that the masses radiatively
generated can be calculable as functions the heavy lepton
ones [10].
In this work we examine these problems for the case
of the leptons in the context of an electroweak model
based on SU(3)L⊗U(1)N (3-3-1 for short) semi simple
symmetry group [11, 12, 13].
There are in the literature several versions of the 3-3-1
model [11, 12, 14]. Some of them can include mechanisms
for neutrino mass generation [15, 16, 17]. It is important
to keep in mind that 3-3-1 model was not specifically
proposed to solve the fermion mass problem. For the
original motivations of the model see Refs. [11, 12].
Here we show that in a variant of the model of the Refs.
[11, 12] we can combine the good features from the seesaw
mechanism and radiative corrections, which together are
a very powerful tool, in order to obtain relations among
the lepton masses. These relations are more general that
the ones obtained by other models and, perhaps more
importantly, the new energy scale is lower than the ones
required by the other models. All the realizations of the
usual seesaw models based on SU(2)⊗U(1) symmetry re-
quire energies in the range 1013 GeV to 1016 GeV [5].
We will see that in our proposal we do not need a so high
energy scale to implement the seesaw mechanism.
We discuss also the mixing angles for the neutrinos,
but in our model the mixing occurs, in principle, among
four neutrino states. However, the pattern of this mixing
2for the standard neutrino sector is of the LMA (large
mixing angle) type.
Our work is organized as follow. In the Sec. II we
present the relevant aspects of the model. In the Sec. III
we describe the scheme for charged lepton mass genera-
tion, while in Sec. IV we present the model for neutrino
masses generation and mixings. Finally in Sec. V we
have our conclusions and comments.
II. THE MODEL
In the original version of the 3-3-1 model a scalar sex-
tet was introduced, in addition to a set of three scalar
triplets, in order to give the correct charged lepton mass
pattern at the tree level [12, 13]. If the sextet is not
present the 3 × 3 charged lepton mass matrix is anti-
symmetric, leading to one null and two degenerate mass
eigenstates. However, was indicated a more simple solu-
tion to this problem, i.e., we can eliminate the sextet of
the scalar sector and to introduce an extra charged heavy
lepton singlet in the leptonic sector [18].
Among all possible extensions of the standard model
the class of the 3-3-1 models is one of most interest-
ing. In this class of electroweak models the anomalies
cancellation mechanism requires the number of fermion
families to be a multiple of three. In addition, if we to
take in account that the asymptotic freedom condition
of QCD imposes that the number of generations is less
than five, so the model predicts one unique three families
group [11, 12]. Also, the Weinberg mixing angle is upper
bounded in these models, i. e., sin2 θW < 1/4. Therefore,
the evolution of sin θW to high values leads to an upper
bound on the new mass scale for symmetry breaking of
this model [12, 19]. A feature of great phenomenological
interest is that the model can manifest itself in a scale of
several hundred of GeV or a few TeV. In addition, some
of the 3-3-1 processes accessible to next generation of ac-
celerators violates individual lepton numbers. For this
reason, they are free of the standard model background
[20]. Therefore, 3-3-1 model is phenomenologically well
motivated.
Here we work with the version of the model that in-
cludes a charged lepton singlet [17, 18]. The lepton repre-
sentation content in the interaction (primed) eigenstates
is
ΨaL =

 ν′aℓ′a
ℓ′
C
a


L
∼ (3, 0) , (1a)
E′L, E
′
R ∼ (1,−1) , N ′R ∼ (1, 0) , (1b)
where the subscript a = e, µ, τ is a family index and E′L,R
are charged exotic lepton singlets. It should be noticed
in Eqs. (1b) that, differently to the Ref. [18], we are
including the neutral lepton singlet NR (see Ref. [17]).
It is required by the recent experimental results on solar
[1] and atmospheric [2] neutrino oscillations that indicate
the presence of four neutrino states.
As in the original version, this model predicts two dou-
ble charged gauge bosons, two single charged and one
neutral in addition to the standard W± and Z0 [11, 12].
The quark sector coincides with the one of the original
model.
In order to give the fermion and gauge boson masses
and account for the spontaneous symmetry breaking, the
scalar triplets
η =

 η0η−1
η+2

 , ρ =

 ρ+ρ0
ρ++

 , χ =

 χ−χ−−
χ0

 , (2)
transforming as (3, 0), (3, 1) and (3,−1), respectively,
are introduced. We will see below that the η triplet does
not contribute to the masses of the leptons of the second
and third generations. However, it is fundamental for the
generation of the masses of the electron and the neutri-
nos. The neutral components of the scalars fields η, ρ
and χ develop the vacuum expectation values 〈η0〉 = v,
〈ρ0〉 = u and 〈χ0〉 = w with v2+u2 = v2W and so, during
the spontaneous symmetry breaking process these neu-
tral fields are shifted as η0 → v+ξη+iζη, ρ0 → u+ξρ+iζρ
and χ0 → w + ξχ + iζχ.
We wish only the third generation and the exotic lep-
ton singlets E and N get masses at the tree level. There-
fore, to avoid undesirable mass terms for the electron and
the muon and its neutrinos at the tree level, we must
eliminate their couplings through the η scalar. Thus, we
define a charge whose operators are given by
Ωϕ =
√
3
3
λ8 +Xϕ, (3)
where ϕ = ΨL, E
′
L,R, N
′
R, η, ρ, χ and λ8 is the usual
notation for the diagonal Gell-Mann matrix. In the fol-
lowing, we assign the values Xϕ = −1/3 for ϕ = Ψ, η and
ρ, and Xϕ = 2/3 for ϕ = χ. In order to become easier to
recognize all participating and forbidden interactions in
the Lagrangians, we list all the Ωϕ charges for the fields
in the Eqs. (1) and (2) in Table I.
TABLE I: Ωϕ charges for the fields of the model. Ωℓ′
aR
and
Ωℓ′Ca L
(a = e, µ, τ ) are not connected by the charge conjuga-
tion operation.
Ωϕ Fields
0 ν′aL ℓ
′
aL ℓ
′
aR E
′
L E
′
R N
′
R η
0 ρ0 χ0 η+1 ρ
+
−1 ℓ′Ca L η
+
2 ρ
++ χ+ χ++
The scalar sector of this model is the same as the three
triplets model of the Refs. [21, 22]. The most general
renormalizable Higgs potential satisfying the set of sym-
metry associated with the charge operator (3) is
3V (η, ρ, χ) = µ21η
†η + µ22ρ
†ρ+ µ23χ
†χ+ λ1
(
η†η
)2
+ λ2
(
ρ†ρ
)2
+ λ3
(
χ†χ
)2
+
+η†η
(
λ4ρ
†ρ+ λ5χ
†χ
)
+ λ6
(
ρ†ρ
) (
χ†χ
)
+ λ7
(
ρ†η
) (
η†ρ
)
+
+λ8
(
χ†η
) (
η†χ
)
+ λ9
(
ρ†χ
) (
χ†ρ
)
+
Λ
2
(
ǫijkηiρjχk +H. c.
)
, (4)
where µi, i = 1, 2, 3 and Λ < 0 (from the positivity of a
Higgs boson mass) are constants with dimension of mass
and λj , j = 1, . . . , 9 are adimensional constants. It must
be noticed that interaction
(
η†χ
) (
η†ρ
)
, allowed by the
gauge symmetry, is forbidden in the potential (4) by Ωϕ.
The scalar potential (4) respects also L + B symmetry,
where L and B are the lepton and the baryon numbers
[22, 23]. Therefore, the eigenstate of the physical double
charged Higgs boson H++ is defined by(
ρ++
χ++
)
=
1√
u2 + w2
( −u w
w u
)(
G++
H++
)
, (5a)
and the single charged H+1 and H
+
2 are(
η+1
ρ+
)
=
1
vW
( −v u
u v
)(
G+1
H+1
)
, (5b)(
η+2
χ+
)
=
1√
v2 + w2
( −v w
w v
)(
G+2
H+2
)
, (5c)
where G++, G+1 and G
+
2 are charged massless Goldstone
bosons that are eaten by U++, W+ and V + charged
gauge bosons, respectively, through the Higgs mecha-
nism.
In the neutral sector we have
(
ξη
ξρ
)
≈ 1
vW
(
v u
u −v
)(
H01
H02
)
, (5d)
ξχ ≈ H03 , ζχ ≈ h0. (5e)
The other two neutral states are pure Goldstone that
are eaten by the Z0 and Z ′0 neutral gauge bosons [22].
The pattern of symmetry breaking is SU(3)L⊗U(1)N 〈χ〉7−→-
SU(2)L⊗U(1)Y 〈η,ρ〉7−→U(1)em. Therefore, since the vacuum
expectation value w governs the masses of the new fields
of the model it is natural to assume w ≫ v, u. The
eigenstates (5d) and (5e) are valid in this approximation.
The zeroth order Yukawa Lagrangian for the charged
leptons that respects the symmetries of the model, in-
cluding the conservation of the charge give in (3), is
−L(0)ℓ =
∑
a=e,µ,τ
(
faΨaLE
′
Rρ+ f
′
aE
′
Lχ
TΨCaR
)
+ME′LE
′
R +H. c. (6)
Here M is a constant with dimension of mass and fa
and f ′a are the arbitrary adimensional Yukawa coupling
strengths. It should be noticed that, as occur in some
processes in weak interactions, the charge conjugation
operation is not respected in the Lagrangian (6). Con-
cerning the Ωϕ charge, looking to the term E′Lℓ
′
aRχ
0 and
to assure Ωϕ conservation we have assumed Ωℓ′
aR
= 0
(see Table I). However, the C operator, defined by
ψL
C = CψR
T
requires Ωℓ′
aR
= 1, since Ωℓ′aCL = −1.
Similarly, for the neutrino sector we can write the ze-
roth order Lagrangian as
L(0)ν =
∑
a=e,µ,τ
haψaLN
′
Rη +mN
′
R
CN ′R +H. c., (7)
where m is a scale of mass and ha are arbitrary Yukawa
couplings. It must be noticed that in the leptonic sec-
tor the Ωϕ charge conservation forbids all the couplings
via η scalar, i. e. ǫijk(ΨaLi)
C
FabΨbLjηk, for the anti-
symmetric Yukawa couplings Fab with i, j, k = 1, 2, 3 [17].
We have checked that the set of symmetries introduced
by the charge operator (3) can be extended to the quark
sector of the Yukawa Lagrangian.
III. CHARGED LEPTON MASSES
At the tree level the charged lepton mass matrix com-
ing from the Lagrangian (6) is
M(ℓ)0 =


0 0 0 feu
0 0 0 fµu
0 0 0 fτu
f ′ew f
′
µw f
′
τw M

 , (8)
in the (e′, µ′, τ ′, E′)L,R basis.
The lepton mass matrix (8) gives the seesaw mass re-
4lation
mEmτ = −
(
fef
′
e + fµf
′
µ + fτf
′
τ
)
uw, (9)
between the masses mτ , of the tau lepton, and mE for
the exotic one, with
2mτ =M −
√
M2 + 4uw
(
fef ′e + fµf
′
µ + fτf
′
τ
)
. (10)
Actually, mτ in Eq. (10) can be negative, but the signal
of the lepton mass is meaningless. In fact we always can
exchange the signal of a lepton mass by a γ5 transforma-
tion on the Dirac spinor (ψ → γ5ψ). Therefore, hereafter
we will not lead in account the sign of the lepton masses
in our discussion.
A seesaw relation between the tau and the heavy lepton
mass similar to that in Eq. (9) is given in Ref. [17], but
in that model more Yukawa couplings are required vary-
ing in a larger range (see our numerical example below).
In our scheme the extra U(1)Ω symmetry, whose charge
is given in (3), avoid coupling of the leptons through the
η scalar triplet and governs also the suppression of some
other parameters. The muon and electron masses vanish
at tree level, but the muon one can be induced at the first
order of perturbative expansion, while the electron one
can be responsible by a tiny break of the U(1)Ω symme-
try. In order to obtain higher order finite mass terms for
the charged leptons which effectively contribute to mass
matrix (8) we diagonalize it by making the transforma-
tions
e′L =
1
f
(
fefµ
F
eL − fτµL
)
− fe
F
(sθℓτL − cθℓEL) , (11a)
µ′L =
1
F
[−feL + fµ (−sθℓτL + cθℓEL)] , (11b)
τ ′L =
1
f
(
fµfτ
F
eL + feµL
)
− fτ
F
(sθℓτL − cθℓEL) , (11c)
E′L = −cθℓτL − sθℓEL, (11d)
in the left-handed sector, where we are combining the
parameters as f2 = f2e + f
2
τ , F
2 = f2 + f2µ, cθℓ = cos θℓ
and sθℓ = sin θℓ. In the right-handed sector we define
f ′2 = f ′2e + f
′2
µ , F
′2 = f ′2 + f ′2τ , cφℓ = cosφℓ, and
sφℓ = sinφℓ and the relations between the physical and
the symmetry eigenstates are given by
e′R = −
1
f ′
(
f ′ef
′
τ
F ′
eR + f
′
µµR
)
− f
′
e
F ′
(sφℓτR − cφℓER) , (12a)
µ′R = −
1
f ′
(
−f
′
ef
′
τ
F ′
eR + f
′
µµR
)
− f
′
µ
F ′
(sφℓτR − cφℓER) , (12b)
τ ′R =
1
F ′
[f ′eR + f
′
τ (−sφℓτR + cφℓER)] , (12c)
E′R = −cφℓτR − sφℓER (12d)
with tan θℓ = 2FMu/κ, tanφℓ = κ/ (2F
′Mw) and
κ = F ′2w2 − F 2u2 +M2 −
√[
M2 + (Fu− F ′w)2
] [
M2 + (Fu+ F ′w)2
]
. (13)
With the eigenstates in Eqs. (5a), (11) and (12) we construct the first order Yukawa Lagrangian
L(1)+ =
1√
u2 + w2
[
Fw
(
sθℓτ
C
L + cθℓE
C
L
)
(cφℓτR + sφℓER)H
+++
+F ′u
(
cθℓτL + sθℓEL
) (−sφℓτCR + cφℓECR)H−−]+H. c., (14)
for the charged leptons, which contributes to the entries (3, 3), (3, 4), (4, 3) and (4, 4) of the tree level mass matrix
5(8) (see Fig. 1). Therefore, we have the first order mass term given by
σ =
ΛFF ′u2
32π2w
sθℓsφℓ
{
mτ cθℓcφℓ
m2H −m2τ [1 + 2 ln (mH/mτ)]
(m2H −m2τ )2
−mEsθℓsφℓ
m2H −m2E [1 + 2 ln (mH/mE)]
(m2H −m2E)2
}
. (15)
In the construction of the mass terms in Eq. (15) we have
considered only the greater contribution of the trilinear
Higgs coupling in Fig. 1, i. e., iΛuw/
(
u2 + w2
)
. The
charged lepton mass matrix with the first order contri-
bution is
M(ℓ)1 =


0 0 0 feu
0 0 0 fµu
0 0 σ fτu
f ′ew f
′
µw f
′
τw M

 , (16)
where we are neglecting corrections to the zeroth order
terms fτu, f
′
τw and M . Now, we diagonalize the mass
matrix (16) taking into account that mµ ≪ mτ ,mE . We
obtain
mµ ≈ −
(
fef
′
e + fµf
′
µ
)
uwσ
mτmE + (mτ +mE)σ
, (17)
with mE and mτ given in Eqs. (9) and (10).
In order to show that the scheme is able to give the
correct charged lepton mass pattern let us take a nu-
merical example. Let fa = f
′
a = 0.0660i (a = e, µ, τ),
u = 245 GeV, w = 1000 GeV, mE = 1800 GeV and
mH = 80 GeV. With these numerical values we obtain
Λ = −860.260 GeV, M = 1801.78 GeV, mτ = 1.7778
GeV and mµ = 0.106 GeV [see Eqs. (9), (10) and (17)].
However, the electron mass, that is still zero at this
level, does not rise by higher order of perturbative ex-
pansion in this scheme. But it can induce a tiny explicit
breaking of the U(1)Ω symmetry through couplings
L(0)ηY =
geµ
2
(
e′Rµ
′
L − µ′Re′L
)
η0 (18)
of the charged leptons via the η triplet. Therefore, if
geµ = 5.29× 10−4, we replace the mass matrix (16), with
the numerical values given in the previous paragraph, by
M(ℓ)2 ≈


0 0.012 0 16.17i
−0.012 0 0 16.17i
0 0 0.17 16.17i
65.98i 65.98i 65.98i 1801.78

 . (19)
This mass matrix gives me = 0.51 MeV with small modi-
fications in the previous values ofmN , mτ andmµ, which
are in good agreement with the Particle Data Group val-
ues [25].
The charged lepton mixing matrices, in the (e, µ, τ, E)
basis, are

L
(E
L
)
H
  
H
  

 h
0
i
E
C
R
m
E

E
C
L

R
(E
R
)
FIG. 1: One loop diagram which induces the muon mass.
There is a similar diagram where the heavy lepton E, in the
internal lines, is replaced by the tau lepton.
U (ℓ)L ≈


−1/√6 1/√2 1/√3 0√
2/3 0 1/
√
3 0
−1/√6 −1/√2 1/√3 0
0 0 0 −1

 , (20a)
U (ℓ)R ≈


−1/√6 1/√2 1/√3 0
−1/√6 −1/√2 1/√3 0√
2/3 0 1/
√
3 0
0 0 0 1

 (20b)
calculated before the introduction of the corrections for
electron and muon masses [see mass matrix (16)]. The
matrices (20) are almost orthogonal and unitary.
IV. NEUTRINO MASSES AND MIXINGS
The scheme for neutrino mass and mixing generation
is similar to the charged lepton one. The tau neu-
trino makes the role of the heavy charged lepton E in
the charged lepton sector. A difference relative to the
charged sector is that in neutrinos sector a vanishing elec-
tron neutrino mass is still compatible with the present
experimental data. Therefore, we go to keep mνe = 0.
If it was necessary we could get a non zero mass for the
electron neutrino through an explicit breaking of U(1)Ω,
as we made for the electron. The mass matrix coming
from the Lagrangian (7) at the tree level is
M(ν)0 =


0 0 0 hev
0 0 0 hµv
0 0 0 hτv
hev hµv hτv m

 , (21)
in the
(
ν′e, ν
′
µ, ν
′
τ , N
′C
)
L
and
(
ν′Ce , ν
′C
µ , ν
′C
τ , N
′
)
R
basis.
Similarly as in the charged lepton sector, the neutrino
6
aL
H
0
1
(H
0
2
) H
0
1
(H
0
2
)

 h
0
i

R
m




L

C
b
R
FIG. 2: One loop diagram which induces the muon neutrino
mass. As in the text, a = e, µ, τ .
mass matrix (21) gives the seesaw relation
mNmντ = − (Hv)2 , (22)
where H2 = h2e + h2µ + h2τ and the tau neutrino mass is
given by
4mντ = m−
√
m2 + 4v2H2. (23)
The masses of the muon neutrino and of the electron
neutrino vanish at the tree level, but the muon neutrino
one rises as a radioactive correction at one loop level.
The transformations that diagonalize the neutrino
mass matrix (21) are
ν′eL =
1
h
(
hehτ
H νeL + hµνµL
)
− heH
(−sθνντL + cθνNCL) , (24a)
ν′µL =
1
h
(
hµhτ
H νeL + heνµL
)
+
hµ
H
(−sθνντL + cθνNCL) , (24b)
ν′τL =
1
H
[−hνeL + hτ (−sθνντL + cθνNCL)] , (24c)
N ′CL = cθνντL + sθνN
C
L, (24d)
in the left-handed sector, where we are defining the pa-
rameter h2 = h2e + h
2
µ. In the Eqs. (24) we have
tan (θν) =
−m+√m2 + 4v2H2
2vH . (25)
In the right-handed sector the eigenstates ν′Ce R, ν
′C
µ R
,
ν′Cτ R and N
′
R transform as in Eqs. (24), since that in the
neutrino sector the mass matrix (21) is diagonalized by
a unitary transformation. From the eigenstates (5a) and
(24) and the Lagrangian (7) the relevant piece of the first
order Lagrangian for neutrino mass terms is
L(1)ν =
1
vW
{
1
h
[
(he + hµ)hτ − h2
H νeL + (he − hµ) νµL
]
− sθνH (he + hµ + hτ ) ντL
}
×
× (cθννCτ R + sθνNR) (vH01 + uH02)+H. c. (26)
The Lagrangian (26) leads to diagrams as in Fig. 2 that induces the finite neutrino mass terms
m
(ν)
ab = −i
Θw
8π2
mντ
∑
i,j=1,2
a,b=e,µ,τ
X
(j)∗
τb X
(i)
aτ ×
×m
2
im
2
ντ
ln (mi/mντ ) +m
2
jm
2
ντ
ln (mντ /mj) +m
2
im
2
j ln (mj/mi)(
m2i −m2j
) (
m2ντ −m2j
) (
m2ντ −m2i
) . (27)
In Eq. (27), mi are the Higgs boson masses and Θ is the strength of the trilinear interaction (see Fig. 2). X
(i) are
7coefficients of the vertices in Fig. 2 and they can be read
from the Lagrangian (26).
The values that we have chosen for the parameters were
he = hµ = hτ = −4i × 10−13, and mτ = 3 × 10−2 eV,
implying mN = 6.46× 10−3 eV [see Eqs. (22) and (23)].
For simplicity we take m1 = m2 = 200 GeV. In this case,
we have Θ = Λvu/v2W . The values for u, w and Λ come
from of the numerical example of the charged leptons in
Sec. III. Thus, the neutrino mass matrix corrected up to
the first order of the perturbative expansion is
M(ν)1 ≈


0 0 0 1.11× 10−2
0 0 0 1.11× 10−2
0 0 −2.46i× 10−8 1.11× 10−2
1.11× 10−2 1.11× 10−2 1.11× 10−2 5.58× 10−2

 , (28)
where we are neglecting corrections to zeroth order terms
of the last column and the last line. The muon neutrino
masses coming from the matrix (28) ismνµ = 1.21×10−5
eV, while the first order tau neutrino and mN masses
are not appreciably modified. We checked that these val-
ues are in agreement with the experimental results about
neutrino oscillation, i. e., mνe ≤ 3 eV, mνµ ≤ 1.9 × 105
eV, mντ ≤ 1.82 × 107 eV with m2ντ − m2N ∼ 3 × 10−3
eV2 from atmospheric and m2νe −m2νµ =
(
10−5 − 10−4)
eV2 from solar neutrino oscillation data [25]. This nu-
merical example leads to the neutrino mixing matrices,
before the correction for the muon neutrino mass, as
U (ν) ≈


1/
√
6 −1/√2 −1/√3 0
−√2/3 0 −1/√3 0
1/
√
6 1/
√
2 −1/√3 0
0 0 0 1

 . (29)
However, since the heavy singlet states do not couple to
the standard W± bosons, we construct the mixing neu-
trino matrix by the product of the Hermitian conjugate
of the 3× 4 submatrix of U (ℓ)L in (20a) by the 3× 4 sub-
matrix of U (ν) in (29) [24], i. e.,
V(ν) ≈


−1/2 −0.87 −10−4 −2× 10−8
−0.87 −1/2 0 0
2× 10−18 0 −6× 10−15 10−18
10−4 0 −1 −2× 10−4


(30)
A comparison of the mixing matrix (30) with the Maki-
Nakagawa-Sakata matrix for mixing of three standard
neutrinos is not direct since here we have a fourth ster-
ile neutrino involved in the mixing. However, the 3 × 3
submatrix corresponding to three standard neutrino mix-
ings [obtained from the matrix (30) by eliminating the
last line and the last column] is of the LMA type, as is
suggested by the present stage of the neutrino oscillation
search [25].
V. COMMENTS AND CONCLUSIONS
We presented a scheme for generation of lepton mass
based in a 3-3-1 model version which contains one
charged heavy lepton singlet and one heavy neutrino sin-
glet. The model obeys approximately an extra U(1)Ω
symmetry which is not spontaneously broken, but is
slight violated by an explicit electron mass term. The
heavy lepton masses satisfy seesaw relations, while the
light masses, except the electron and the electron neu-
trino ones are generated by one loop radiative corrections
scheme. We notice that in the realistic range of the pa-
rameters the muon mass expressed in the formula (17)
gives the relation mµmτmE ≈
(
fef
′
e + fµf
′
µ
)
uwξ.
In the context of the three neutrino states, data on
oscillations and masses establish the particular quasi-
bimaximal form to the neutrino mixing matrix [25]. A
careful analysis of the experimental data furnishes the
present range of the lepton mixing matrix as [29]
|Vex| =

 0.72− 0.88 0.46− 0.68 < 0.220.25− 0.65 0.27− 0.73 0.55− 0.84
0.10− 0.57 0.41− 0.80 0.52− 0.83

 . (31)
When we compare the matrix (31) with the 3×3 mix-
ing matrix obtained of Eq. (30) by elimination of the
fourth line and fourth column we can see that our nu-
merical result for the lepton mixing is not in the experi-
mental range. However, in this model the mixing matrix
deserves a most detailed study. The numerical exam-
ple that we take here is not only the possible one. An-
other fact that we must lead in account is that the mass
matrix (8) of the charged leptons is diagonalized by a
biunitary transformation. The diagonalization process
does not fix all the elements of the mixing matrices (20a)
and (20b). Three of them, it does not import which of
them, remain free. Here, for sake of simplicity, we cho-
sen U (ℓ)L (3, 2) = U (ℓ)L (4, 4) = U (ℓ)R (4, 4) = 0. However, we
have checked that the U (ℓ)L (3, 2), for example, can be used
for improve the fit of our results. Moreover, we must to
remember that the mixing matrices (20a) and (29) that
we use to construct the matrix (30) are approached, that
8is, they do not take in account the radiative corrections
that generate the masses of muon and of the neutrino of
muon.
Attempts to explain the shift from the exact bimaxi-
mal form for νe, νµ and ντ are based on three effects: (i)
from neutrino mixing becoming the charged lepton mix-
ing [26], (ii) from radiative corrections [27] and (iii) from
the symmetry breaking [28]. In our model the poten-
tial source of shift is the radiative correction processes
leading to the muon and muon neutrino masses. The
amount of the mixing in each eigenstate is function of
the values of the parameters chosen. The electron mass,
which induces a tiny breaking of the extra symmetry (3),
contributes also to this shift, but with a smaller quan-
tity. However, in our numerical example the LMA form
is preserved in the sector of the three standard neutri-
nos, as is required by the experiments. In the charged
sector, the mixing angles are also large [see Eqs. (20)],
so the concept of family in the lepton sector, in this sense,
meaningless.
Our model is able to explain all the present experimen-
tal data on charged and neutral leptons, explaining the
phenomenology within a reasonable scheme. This model
naturally introduce de seesaw type relations, through an
U(1) symmetry combining the good features of this mech-
anism with a radiative corrections scheme. The new mass
scale is in the order of a few TeV. Therefore, this model
can be confirmed or ruled out by the next generation of
accelerators, what is a common feature of the class of
3-3-1 models.
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